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LECTURE 28 BEGINS:

1 Vector Space

Let U and S be two non-empty sets. A mapping f : U xS +— S is said to be an external composition
of U with S. Each ordered pair (u,s) € U x S has a definite image f(a,s) € S. For example, let
S be the set of all real matrices of 3 x 3 type, and U be the set of all real numbers U = R. The
mapping *: U x S+— S defined by Cx A=CAeS, CeRAcS.

Let V # () and € be a composition on V. Let (F,+,-) be the field of scalars, and let () be
an external composition of F with V. Then, V is said to be vector space over the field F, if the
following conditions are true:

(i) a@P B eV, Va,p €V (closedness property).
(i) a@Pp=pPafora,feV.
) (DB Dr=aBBD7) Vo, B,y € V.

(
3 an element 6 € V such that a @6 = a, Va%y
6.

(iii

(iv

(vi) cQaeV,VeeF,acV. q
F,%E

(vil) cOQAOa)=(c-d)Oa, Ve,d € V.
(viil) cOQ@@PP) =(cOQa)P(cOP),VeeF,a,B V.
(c+d)OQa=(CcOa)PdOa),Ve,d e F,aeV.

(x) 1 a = «a, where 1 denotes the multiplicative identity element.

)
)
)
)
(v) for each a € V, I(—a) € V such that a ¢Wa)
)
)
)
(ix)
)

Example 1. Let V = {(a1,a9,...,ay,) : a; €E R,Vi=1,2,...,n} =R™ and F = R. The usual € is
the vector addition, and the usual +, - are the the operations on field. Verify whether (V, @, () is
a vector space with respect to the field of scalars R.

Solution. We start verifying the properties of the vector space stated earlier one-by-one. We choose
a, f from V and find out that a + 5 € V and a @ = P a. Also, for vy € V, (aPB) Py =
a@P(BE ). Here we have the zero element § = (0,0,...,0) € R™ which assures that a @ 0 = «a.
Similarly, there does exist —a € V for all « such that a + (—a) = . In a similar fashion we deal
with the rest of the properties, which is not so hard to check in this case.

Example 2. Let V = {4 = (a;5) : aj; € R,1 < 4,5 <3} be a set of all 3 x 3 matrices and F = R.
With the usual matrix addition and scalar multiplication, verify that (V, 4, -) is a vector space with
respect to the field of scalars R.

Solution. Do it by yourself.



2 Subspace

Let V be a vector space over a field of scalars F with respect to @ and (), Let W C V. Then, W
is said to be a subspace of V' if W forms a vector space with respect to the same operations, i.e.,

P and .

Example 1. Let S = {(z,y,2) € R®:y =2 =0} € R® and F = R. Prove that S is a subspace of
R3.

Example 2. Let S = {(m,y,z) eER3:y>0,2> O} € R? and F = R. Prove that S is NOT a
subspace of R?. (Hint: 0 € S)

Example 3. Let S = {(a:,y,z) eR3: a2 +4% = z2} € R? and F = R. Prove that S is NOT a
subspace of R3. {Hint: Take a = (3,45), 8 = (—6,8,10) € S}
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3 Linear Combination

Let V be a vector space. Let ay,as,...,a, be the elements in V. A vector 8 € V is said to be a
linear combination of aq, ao, ..., a,, if B can ne expressed as

f=crar+caz +. Q)w Zczaz, (1)
where c¢1,cs, ..., ¢, are constants in F

/81:(%7%) = f=a+as.

Example 1. § = (1,1), a1 = %% % %% — B=a+a2 OR a1 = (3,3) and

4 Linear Dependence and Independence of Vectors

Let a1, 0,...,a, € V and c1,co,...,c, € F such that cia; + coan + ... + cha, = 0 € V with not
all ¢;’s zero. Such a set {a1,aq,...,ay} is said to be linearly dependent.

If cpag +cocva+...+cpay, =0 € V,only when ¢ = c2 = ... = ¢, = 0, then the set {1, a,...,a,}
is said to be linearly independent.

Example 1. Check whether the set { ,1) (2, 2)} is linearly dependent or not.
Solution. Let oy = (1,1) and as = (3, 1) such that

cia1 + coog =0

Cy C
— (ere)+ (5. 5) = (0,0
:>Cl+5=0, Cl—i-cﬁzo
C C
:>c1+52:0 e 612_52'



Taking ¢; = 1, cg = —2, i.e., a1 = —coas = 2a9, which implies that {(1,1) , (%,%)} is linearly
dependent.

Example 2. Check whether the set {(1,0),(0,1)} is linearly dependent or not.
Solution. Let a; = (1,0) and o = (0,1) such that

c1oq + coig =6
= (¢1,0) + (0,¢2) = (0,0)
= (c1,¢2) = (0,0)
—c1 =0, c2=0.

This implies that {(1,0),(0,1)} is linearly independent.
Example 3. Check whether the set {(1,0,0),(0,1,0),(0,0,1)} is linearly dependent or not.

Example 4. Check whether the set {(1,2,4),(2,4,8)} is linearly dependent or not.

5 Linear Span of a Set

Let V # () be a vector space and let S = {1, as,...,an} be a set of vectors/elements in V. If the
set S is such that every element of V' is expressed as a linear combination of elements in S, then S
is called the linear span of V.

6 Basis (6)
Let V # () be a vector space. A set S C [:/ %g‘d to be a basis of V' if

(i) S is a linearly independent set.

(ii) S generates V.

Example 1. Let V = R? be the vector space with respect to the usual operations over R. Let
S ={(1,0,0),(0,1,0),(0,0,1)} C R3. Verify whether S is a basis or not.

Solution. Let ¢y, co,c3 € F such that ciaq + coas + csag = 0 = (0,0,0), which implies ¢; = ¢ =
cs = 0. Hence, S is a linearly independent set.

Now let € = (a,b,c) € R3, then we can write

¢ =(a,b,c) =a(1,0,0)+b(0,1,0) 4+ ¢(0,0,1) = acy + bas + cas.
This shows that S is a basis of V.

Example 2. Let V = R? be the vector space with respect to the usual operations over R. Let
S={(1,2,1),(2,1,1),(1,1,2)} C R3. Verify whether S is a basis of R? or not.
Solution. Let ¢, co,c3 € F such that ciaq + coas + csag = 0 = (0,0,0), which implies ¢; = ¢ =



c1+2c2+c3=0,
2c1 + ¢ 4+ c3 =0,
c1 4+ co+ 2c3 =0,
= c1 =cy =c3=0.

Hence, S is a linearly independent set.

7 Dimension

The number of elements in a basis of a vector space is called the dimension of V' (or rank of V),
and it is denoted by dim V' or dim(V).

Example 1. Note that the dimension of the vector space in the previous example is: dim(V') = 3.
Similarly, dim(R") = n.

Example 2. Let W C R? given by W = {(x,y,z) ER}:x+2y+2=0220+y+32= 0}. then,

find the basis and dimension of W.

Solution. Let ¢ = (a,b,c) € W3 such that
2 k(sa;
5 y

a %:—k c= -3k
="§="r(5,—-1,-3),k € R.

This means that £ = (a,b,c) = k(5,—1,—-3),k € R belongs to W. In other words, W =
L(a),a(5,—1,—-3). The set S = {a} C W is a linearly independent set, i.e., S is also a basis
of W. Hence, dim(W) = 1.

Example 3. Let W = {(z,y,2) € R*: 2 + 3y + 42 = 0}. Find the basis and dimension of V.
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8 Rank of a Matrix

Let A = (ai;), where 1 < ¢,j < n, be a non-zero matrix. Then, the rank of A is said to be r € N
such that there exists at least one minor (non-zero) of A of order 7.

ajr ai2 a3
Example 1. Let us consider the matrix A = | a21 a2 as3 |. Find the rank of A.
aszy a32 a33
ajl a2 a3
Solution. We notice that |ag; a2 as3| # 0. So, rank(A) =
aszr az2 a33



1 0 3
Example 2. Let us consider the matrix A= | 4 —1 5 |. Find the rank of A.

2 0 6
1 0 3
Solution. We find that det(A4) = |4 —1 5| =0, which implies that rank(A4) < 3. Next, we have
2 0 6
: 1 0
the minor of order 2, M = ‘4 _1‘ = —1 # 0. Hence, rank(A) =
2 3 -1 1
Example 3. Let us consider the matrix A= 3 0 4 2 . Find the rank of A.
6 9 =3 3],
Solution. Since the third row is a multiple of first row, so the rank of A is always less than 3. We
take a minor of order 2, M = ‘?, g) —9#0 = rank(A) =

Note. If we have A = (a;j), where 1 <i <m,1 < j <mn, then 0 < rank(A) < min(m,n).

9 Row Equivalent or Column Equivalent Matrices

A matrix B is said to be row equivalent to a matrix A, if it is obtained from A by some successive
row operations (finite in number). Slmllarly, we ca e)column equivalent matrix.

Example 1. Find the rank of A = 1 3Q

Solution.
0 0 2 2 0 g 01 10
A=|13 24 1|2 |13 24 1|=58B
2 6 2 6 2 2 6 2 6 2
001 10 001 10
B2l 3021 |=B82 013021
B2l 9 6 0 4 2 00000
All the matrices B, By, By, B3 are row equivalent to A. Note that rank(B) = rank(A) as B has a

1

0 9| =2#0.

minor of order 2 such that

10 Row-Reduced or Echelon Form

An m x n matrix A is called row-reduced (Echelon) matrix, if
(i) the first non-zero element in a non-zero row is 1 (identity element).

(ii) there is an integer r (0 < r < m) such that the first 7 rows of A are non-zero rows and the
remaining rows (if there is any) are all zero.



(iii) for each non-zero row, if the leading 1 of the row i occurs in the column k;, then k; < ky < ...,
and so on.

Example 1. Apply the elementary row operations to reduce the following matrix to a row reduced
Echelon matrix.

2 0 4 2
32 6 5
A= 5 2 10 7
03 2 5

4x4

Solution. Row operations to be performed to get the Echelon form

-1

OO O =
S O ==
O~ OO
O =

4x4

of the matrix A are (respectively): %Rl, Ro—3R1, R3—5Rq, %Rz, R3—2R9, Ry—3R2, R34 (R3 <> Ry),
%Rg, R; — 2R3. Clearly, the rank of B is 3 and so is rank(A).

LECTURE

Example 2. Find the rank of the matrix gi

1 0
2 4 8 6
A= 0 0 5 8
3 6 6 3 Axd
Solution.
1 2 10 1 2 1 0] 1 2 1 07
= 2 4 8 6| Ry=3R, | 0O 0 6 6 | 3Ra 0011
10 0 5 8 Ro—2R; 0 0 5 8 1Ry 0 0 5 8
3 6 6 3 | 0 0 3 3 | |0 0 1 1 |
1 2 1 0] 1 2 1 0]
Rs—5R, | 0 0 1 1| 3Rs | 0O 0 1 1
Ri—Rs 0 0 0 3 0 0 0 1
| 0 0 0 0 | | 0 0 0 0 |
1 2 1 0] 1 2 0 0
Ra—Rs3 0 010 R1—R2 0 010 N
1o oo 1 "o oo 1| =B Gy
(000 0 000 0




B is a row-reduced/row-equivalent matrix to A. B is also a row-reduced Echelon matrix to A.
Hence, the rank of A is same as B, i.e., rank(A) = 3.

Theorem 1. If a matriz A is row-equivalent to a row-reduced Echelon matriz/form B having r
non-zero rows, then rank(A) = r.

1 1 2
Example 1 (Inverse of a matrix). Find the inverse of A= | 2 4 4
3 37

Solution. We form a 3 x 6 matrix of type [A/I3] and perform row operations to reduce A to a
row-reduced Echelon matrix.

112100 1121 00],, [t12 10
B=[A/IL]=1]2 4 401 0 fdfhylp 20 21025010 -1 3
337001, o001 301 001 -3 0
102 2 -1o0 100 8 -3
b1 0 -1 oo | B2 0001 0 -1 4
001 -3 0 1 001 -3 0
8 —3 0
Hence, the inverse of the matrix Ais C = A=! = | —1 % 0
-3 0 1

Example 2. Solve the following system of linear e w.
@ 4
2 ¥z =1

%x?? ; +4x3 =17
Solution. We can write the above system”in the below compact form:

AT = b,
11 0
where A= 0 1 —1 |,Z=(z1,22,23) and b= (4,1,7).
2 1 4
Let us form the Augmented matrix:
11 0 4
A=[A/=]0 1 -1 1
21 4 7

3x4

The steps R; — R2, R3 4+ Ro, %Rg, R1 — R3, Ry + R3 once applied on A, leads to
1 0 0 3
A=|01 0 1]|=C
0010

The modified system of equations will be z1 = 3,29 = 1,23 = 0. Therefore, (3,1,0) is a solution of
the given system.




Example 3. Verify if the below system has a solution.

rz+2y—2=10
—r4+y+2z=2
2r4+y—32=2

Solution. The augment matrix,

1 2 -1 10
A=[A/=| -1 1 2 2
2 1 -3 2

The steps Ry + Ry, R3 — 2Ry, %Rg, Ry — 2R3, R3 + 3Rs once applied on A, leads to

10 -2 2
A=]0 1 § 4
00 0 -6
The modified system of equations:
5
_Z2,-9
T = g2
z
y+x=4

Hence, the given system has NO solution.

Q

Example 1. Solve the following system by Gauss-Elimination method:

11 Gauss-Elimination M

20 — 2y = —6
r—y+z=1
3y —2z=-5
2 -2 0
Solution. The coefficient matrix, A= | 1 -1 1 |, Z = (x,y,2) and b = (—6,1,-5). The
0o 3 -2

augmented matrix:

2 -2 0 -6
A=[Ap =1 -1 1 1
0 3 -2 -5

1 -1 0 -3
Which reduces after applying the operations %Rl, Ry—Ri,Ry < R3toA=|0 3 -2 -5

0o 0 1 4
From the third row, z = 4. Back substituting this value in the equation corresponding to 2nd row



leads to, 3y — 2z = —=5 = y = 1. Again. we use these values and substitute in the equation
corresponding to 1st row and get, x —y = —3 =— =z = —2. Hence, the required solution is
(—2,1,4).
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12 Linear Transformation

Let V and W be two vector spaces over a field F. A mapping T : V — W is said to be a linear
mapping/transformation, if it satisfies the following conditions:

(i) T(a+B)=T(a) +T(B), Va,B € V.
(ii) T(ca) =cT'(a), Vo € V.
In short, T'(ca+ ) = cT'(a) + T(B), Ve € F, a, € V.

Example 1. The identity mapping 7' : V' — V defined by T'(z) = =z, Vo € V, which clearly
satisfies, T(x +y) =x +y =T (x) + T(y) and T(cz) = cx = T (x).

Example 2. The zero mapping T : V — W defined by T'(z) = ¢, Vo € V, §' € W. Which follows
as the previous example.

Example 3. Let T : R? — R3 such that T'( xl,xg,xg $1,$2, ), where (21,22, 73) € R3.
Solution. Let a = (x1,x2,23), 8 = (y1,Y2,Y3) e can easily check that
T(a+p) = 1, —|—y2,:c3+y3
2 + ?42,

% 3/1:2/270)

T(cx1, cxa, cxs)
= (cx1,cxe,0)

= c(x1,x2,0)
=cT'(a).

Hence, T is a linear transformation.

Example 4. Let T : R? — R3 such that T'(x1, z2,23) = (1 +1,20+1,23+1), where (21,2, 23) €
R3. Verify whether T is linear. (Answer: No)

13 Kernel of a Linear Transformation

Let V and W be two vector spaces and T': V. — W be a linear mapping. The set of all « € V
such that T'(«) = 6’ in W, where ¢’ is the null element in W, is said to be the Kernel of T" and it
is defined by ker(T"). In other words,

ker(T) ={a eV :T(a)=16"}. (2)
The dimension of ker(T") is called the Nullity of T'. Also, ker(T") C V is a subspace.



14 Image of a Linear Transformation

Let T : V — W be a linear map. The image of the elements of V under the mapping 7" forms a
subset of W. This subset is called the image of T" and it is denoted by Im(7"). In other words,

Im(T) ={T(a) :x € V}.
Note that Im(7") C W is a subspace. The dimension of Im(7T") is called rank of T, i.e., rank(7).
Example 1. Verify whether the below transformation is linear or not.
T(x1,xe,23) = (21 + x2 + x3, 221 + 22 + 223,21 + 229 + 3), where (x1,z2,23) € R3
If yes, find ker(7"), Im(T).
Solution. Let a = (x1,x2,x3) and 8 = (y1,y2,y3). Then,

T(a+p) =T(x1 +y1,22 + Y2, T3 + y3)
= (21 4+ y1 + 22+ Y2 + 23 + ys3, 221 + 2y1 + T2 + Yo + 223 + 2y3, 71 + Y1 + 222 + 2y2 + T3 + Y3)
= (z1+ 22+ 23 +y1 +y2 + 3,221 + 22 + 223 + 2y1 + Y2 + 2y3, 71 + 222 + 23 + Y1 + 292 + y3)
= (21 + 22 + 23,221 + T2 + 223, 1 + 222 + 23) + (Y1 + y2 + ¥3,2y1 + Y2 + 2y3, Y1 + 2y2 + ¥3)
=T(21,22,23) + T(y1,y2,y3) = T'(a) + T(B)

For c € F and o = (21, 22,23) €V @
T(ca) = T(cx1, cxa, cxs) = (cx1 + cxo + cgg Rex 1+ cxo + 2cx3, cxy + 2cx + cxs) = T'(«)

= T is a linear map.
Now let a = (21,72, 23) € R3. Then, b efinition of Kernel, we write

T(Oé) =0 = T(xl,xg,.%’g) = (0,0,0)
= (21 + 22 + 23,221 + 22 + 223,21 + 222 + 23) = (0,0,0)

which leads to the system of linear equations

1 +x2+23=0
2x1 + 120+ 223 =0
T, + 229 + 23 = 0.

which further reduces to: x1 + z3 = 0,29 = 0.
The solution to the above equations is k(1,0,—1), & € R. Hence, ker(T) = {(1,0,—1)} and
dim (ker(7")) = 1, also known as Nullity of 7.

LECTURE 33 BEGINS:

Let us choose one of basis of R having the elements: a3 = (1,0,0), a2 = (0,1,0),a3 = (0,0,1). From
which one can easily get: 7'(1,0,0) = (1,2,1) = T(a1), 7(0,1,0) = (1,1,2) = T'(a2), 7(0,0,1) =
(1,2,1) = T'(ag). Clearly, the set {T(cv1), T (c2), T(cx3)} is linearly dependent. Then, we consider

10



the set {T(a1),T(a2)} = {(1,2,1),(1,1,2)}, which is linearly independent. The image set Im(7")
is generated/spanned by {T'(a1),T ()}, i.e., Im(T) = {T(cv1), T'(a2) }. Also, dim (Im(7)) = 2.
From here, we observe that: dim (ker(T")) + dim (Im(T)) =1+ 2 = 3 = dim (R*) = null(T) +
rank(7") = dim(V).

Theorem 1. If T : V. — W is a linear transformation, then null(T) + rank(T") = dim(V'). This
theorem is known as Rank-Nullity Theorem.

Theorem 2. Let V and W be two vector spaces over a field F, and T : V — W be a linear
transformation. Let {ai,aq,...,an} be a basis of V, then {T(a1),T(c2),...,T(an)} generates
Im(T).
Example 2. Let T : R? — R* be such that T'(x1, z2, 23) = (v2 + 23, 23 + o1, T1 + 2, T1 + T2 + 3).

(i) Verify T is linear.

(ii) Find ker(T).

(iii) Verify {7°(1,0,0),7°(0,1,0),7°(0,0,1)} is linearly independent set.
Solution. (i) Let us consider « = (z1, z2,z3) and 5 = (y1, y2,y3). So,

T(a+ B)=T(r1+y1,72 + Y2, T3 + Y3)

= (T2 + Y2+ 23+ Y3, 03 +ys+ 21+ Y1, T1 + Y1 + Ta+ Y2, 71 + Y1+ T2+ Y2 + T3+ Y3)

=(z2+ T3 +y2+Yys23+21+Ys +y,,T w’yl + Y2, 71 + 2 + T3 + Y1 + Y2 + Y3)
=T (1,22, %3) + T(y1,y2,y3) = T()

Similarly, one can check that T'(ca) = ¢T'(«) T is linear.

(ii) By definition, ker(T) = {a = (21, 204eRe R? : T(a) =0 € R4}. This leads to a system of
equations: xo +x3 = 0, 3+ 21 = 0,%332 = 0, 21 + 22 + 3 = 0, which has the solution:
x1 = 0,29 = 0,23 = 0. Therefore, ker(7") ={(0,0,0)} {0}.

(iii) Now let a1 = (1,0,0), 9 = (0,1,0), a3 = (0,0,1). Then, 7'(1,0,0) = (0,1,1,1),7(0,1,0) =
(1,0,1,1),7(0,0,1) = (1,1,0,1). Let ¢1,ca,c3 € F be such that

ClT(Oél) + CQT(OQ) + CgT(Oég) = 6
— (07 1> 1> 1) + 02(1’ 07 17 1) + 03(17 11 Oa 1) = (07 07 07 O)

leading to: co+¢c3=0,¢c1+c3=0,c1+co=0,c14+co+c3=0. So, c; =0,co =0,c3 =0. Clearly,
all ¢;’s, i = 1,2, 3 are zero. The set {T'(a1),T(c2),T(a3)} is linearly independent.

Example 3. Let us consider a map T : R? — R? be such that T(x1, o, 73) = (21 + 22, 73 + 22).
(i) Verify if T is linear.
(ii) If yes, find ker(7) and Im(T").
Example 4. Let T : R” — R® be such that T'(xq, z2, ..., 27) = (z1+22, xo+13, ..., x7+T8, T8 +T1).
(i) Verify if T is linear.
(ii) If yes, find ker(7T") and Im(T").
LECTURE 34 BEGINS:
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15 Matrix Representation of a Linear Map

Let V and W be two vector spaces, and T : V — W is a linear map. Let (aq,ag,...,a,) be the
ordered basis in V' and (B1, B2, ..., Bn) be the ordered basis in W. Then, each T'(«;) can be written
as the linear combination of §;’s, Vi, i.e.,

y1 =T (1) =anfi+a21fe+ ...+ amifm
y2 = T(2) = a1281 + aefz + ... + am2fm

yn = T(a) = a1nB1 + a2nB2 + . . + G fm

where a;5, Vi = 1,2,...,m, j = 1,2,...,n can be uniquely determined. then, the corresponding
matrix A is given by

air a2 - Qip

a1 a2 s Q2n
Amxn =

aml am2 - Gmn

mXxXn

We see that y = A'B, where B = (81,52, -, Bm)-

Example 1. A linear map T : R? — R? is given by M, x3) = (3x1 — 229+ x3, 1 — 3x2 — 223).
Find the matrix representation of 7" with respec ordered /standard basis in R3.

Solution. Lets us take the ordered basis in ad.(1,0,0),(0,1,0),(0,0,1)}. We now write:

T(al = d ’O) = (3’ 1)
T (ag) (0,1,0) = (—2,-3)
T(az) =T(0,0,1) = (1,-2)

1 -3
Example 2. For the same linear transformation as the previous example, find the matrix repre-
sentation of T' with respect to the ordered basis {(1,1,0), (1,0,1),(0,1,1)} of R? and {(1,0), (0,1)}
of R2.
Solution. We have: 7'(1,1,0) = (1,-2), 7(1,0,1) = (4,-1),7(0,1,1) = (—1,—5). So, we can

write:

-2 1
The corresponding matrix representation of 7" will be: A = [ 3 9 ] .
2x3

T(1,1,0) = (1, -2
T(1,0,1) = (4, -1
T(0,1,1) = (—1,-5) = —1(1,0) — 5(0, 1)

-2 -1 =5

Example 3. Let the transformation 7" : R? — R? be given by T'(z1, 2, 23) = (221 + 22 — 23, T2 +

1 4 -1
and hence, the matrix representation will be A = [ } .
2x3

12



4x3,21 — x2 + 3x3). Find the matrix representation of 7" with respect to the ordered basis in R3.
Solution. Choose the basis: S = {(1,0,0),(0,1,0),(0,0,1)} and proceed as previous examples.

Example 4. The matrix representation of a linear map 7T : R? — R? with respect to the ordered

0 3 O
basis {(0,1,1),(1,0,1),(1,1,0)} of R? is given by A= | 2 3 —2 |. Find the linear transfor-
2 -1 2

mation of A.
Solution. We observe that:
7(0,1,1) =0(0,1,1) +2(1,0,1) +2(1,1,0) = (4,2, 2)
7(1,0,1) =3(0,1,1) + 3(1,0,1) — (1,1,0) = (2,2,6)
T(1,1,0) = 0(0,1,1) — 2(1,0,1) + 2(1,1,0) = (0,2, —2
Let (x,7,2) be in R? such that (z,y,2) = ¢1(0,1,1) + c2(1,0,1) + c3(1,1,0). Which gives: ¢; =

y-&-;—x’ cy = :r:-&-g—y’ c3 = :r:+12/—z‘
Therefore,
(w..2) = =00+ T 0 + TR 0)
T(z,y,2) = H%T(O, 1,1) + LTJT(L 0,1) + JHQLT(L 1,0)

Yy+z—x r+z—

r+y—=z
=—(4,2,2 2 —(0,2,-2
@22+ T e + T 0,2, -)
:(—x+y+3z,x+y—|—2<— +52)
which certainly is the required linear map. g

LE 35 BEGINS:

16 Eigenvalues and Eigenvectors

Let A be an n x n matrix and A € F. Then, det (A — AI) is said to be a Characteristic Polynomial
of A where Iy, is the identity matrix, and is denoted by Wy (A). Furthermore, ¥y (A) = 0 is called
the Characteristic Equation. The roots of ¥)(A) = 0 are called the Eigenvalues of the matrix A.
If a root of ¥)(A) = 0 has multiplicity r, then it is said to be an r-fold eigenvalue. For an r-fold
eigenvalue A, r is called the Algebraic Multiplicity of A, and the rank of characteristic subspace
corresponding to A is called the Geometric Multiplicity.

Example 1. Find the eigenvalue of the matrix A = [ 0 1 ] .

10
. .. N 0—A\ 1

Solution. Let A € F. Then, the characteristic polynomial is, det(A — AI) = 1 0_ =
A? — 1. Therefore, the characteristic equation is given by det(A —A) =0 = M —-1=0 —
A = —1,1. The required eigenvalues are —1 and 1.

1 1 1
Example 2. Find the eigenvaluesof A= | -1 -1 -1

0 0 1
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Solution. Let A € F. Then, the characteristic polynomial is given by

1 1 1 1 00 1—A 1 1
Up(A) = det(A—A) =detd | -1 -1 —1|—-xl010]%=]-1 -1-x -1
0 O 1 0 01 0 0 1-A
1—A 1 1
The characteristic equation is Uy (4) =0 = | =1 —1—X —1 | = 0. After solving the
0 0 1—-A

determinant, we get (1 — A\)A2 =0 = X =0,0,1. Clearly, 0 is an eigenvalue with the algebraic
multiplicity 2 and 1 has the algebraic multiplicity 1.

Now let A = A1 be an eigenvalue of A, «,. Then, there exists a non-zero vector X € R™ such that

AX = M X.

Example 3. Find the eigenvectors corresponding to the eigenvalues we found in the previous
example.
11 1
Solution. We are given A= | —1 —1 —1 |. We know that A =0,0,1. Let X = (z,y, 2) € R3
0 0 1
be the eigenvector corresponding to A = 0. Then,

We get: 2 =0, 2+y =0 = x = —y = —k, where k£ € R. So, the required eigenvector
corresponding to the eigenvalue 0 is: X = k(—1,1,0), k € R.
Now let A = 1. Then, the eigenvector can be obtain

AX = 2X

1 1 1 z ] x

= -1 -1 -1 y | =11y
0 0 1 z ] z
r+y—+=z ] T

— —x—y—z | =1y

z ] z

We get: y+2=0,z4+y=—(y+2) =0. So, we get = z = k € R. The required eigenvector
corresponding to the eigenvalue 1 is: X = k(1,—-1,1), k € R.

LECTURE 36 BEGINS:
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Example 4. Consider A = [ ?, é } . Find the characteristic equation.
. . .o 2—A 1
Solution. Let A € F. Then, the characteristic equation is det(A — A\l3) =0 = 5 5 "

0= N —-7A+7=0.

Cayley-Hamilton Theorem. FEvery square matrix A of order n satisfies its own characteristic
equation.

3 5
Solution. The characteristic equation for A is given by A2 —7A+7 = 0 as we found out previously.
Goal: A2—TA+7I=0

Example 5. Verify the Cayley-Hamilton theorem for the matrix A = [ 21 } .

LHS — A-A—TA+7I

T2 172 1 2 1 10
— |3 5“3 5]_7[3 5}+7[0 1}
B A A I I B

14 28 21 35 0 7
[0 0

- _ 0 0:| - O@RHS

Example 6. Using the Cayley-Hamilton Qm, find the inverse of [ g 51,) ]

Solution. We know ‘ 1‘ =7>0. Aga

3 5

A2 —TA+TI=0
= AA-TI)=-T71

— Al = —%(A —7I)
L _I/[7 0] [21
— A7 =2\|o 7 3 5
1[5 -1
— A =zl 3 92 |-

Proposition 1. If A is a singular matriz, then 0 is an eigenvalue of A.
Proposition 2. The eigenvalues in a diagonal matriz are its diagonal entries.
Proposition 3. If )\ is an eigenvalue of a non-singular matriz, then % is an eigenvalue of A~L.

Eigenvector. Let A be an n x n matrix over a field F. A non-null vector X belonging to V,,(k) is
said to be an eigenvector of A, if there exists a scalar A € F such that AX = AX holds.

15



Example 7. Let A = [ i i; ] . Find the eigenvalues and eigenvectors of A.
. 1-Xx 3
Solution. Let A € F. Then, det(A — A\I) = 4 5= 0 = A=-1,T.

Let X € R? be the eigenvector corresponding to the eigenvalue -1, then

AX = 2X
(1 3 T | T
=3 ]n ][]
[ z1 + 3729 . T
— _4$1+5$2] |:$2:|
N -23:14-33?2 . 0
_4$1+63§‘2 )
_3
We get xlz—%c, where x9 = ¢ € R. Then, the required eigenvector isX—[ 12 }c; ceF
For A =7, we have
AX = )0X
1 3 T | x1
= [sn ] n]
[ r1 + 32 T1
= 4x1+5 7I‘2:|

:»@imz}

1
We get x1 = %c, where x93 = ¢ € R. Then, the required eigenvector is X = [ i } c; cel.

LECTURE 37 BEGINS:

0

Example 8. Let A = [ 1

_01 } . Find the eigenvalues and eigenvectors of A.
-1 ’

Solution. Let A € F. Then, the characteristic equation is: det(A — AI) =0 = '0 I A 0—

M+1=0 = A==+
Case 1. Let A =1 and X = (x1,22) € R?. Then

AX = 2X

-0 -1 1 _ x1
=[]
~ [ [2]

I LI

N _—L£B1—$2:|:[0]
T1 — Lo 0

16



For eigenvalue A = ¢, we get ©1 = tc, where xo = ¢ € R. Then, the required eigenvector is
X = [ i ] c; ceF.
Case 2. Let A= —t and X = (71, 22) € R%. Then

AX = )0X
[ 0 -1 T o 1

= [V a2

~[2)--[x]
g LT

. -Lﬂfl—$2:|:|:O:|
| 21+ 122 0

For eigenvalue A\ = —i, we get x1 = —tc, where z9 = ¢ € R. Then, the required eigenvector is

X:[EL}C;CEF.

17 Diagonalisation of a Matrix

Similar Matrices. Let us consider all n x n matrices over the field F. An n x n matrix A is said
to be similar to an n X n matrix B, if there exists a nag-singular matrix P of order n X n such that
B = P 'AP. We say that A and B are similar m%w

B=P'AP
— PB=PP! (PP"YAP =TIAP = AP
— PBP ! = =A

— A=Q 'BQ, where Q = P71

Let A = (aij)nxn be a square matrix. Then, A is said to be Diagonalisable, if A is similar to an
n X n diagonal matrix.

1 -3 3
Example 1. Diagonalise the matrix A= | 3 -5 3
6 —6 4

Solution. Step 1. Let A € F be the eigenvalue. Then

det(A — AI) =0

1-—A -3 3
— 3 —-5—-A 3 |=0
6 —6 4— )\
= \=—-24,-2.

17



Step 2. Let X = (x1,22,23) € R? be the eigenvector.

AX = )\X
[1 -3 3 x1 x1
= | 3 -5 3 To | = 2| 22
| 6 —6 4 T3 T3
[ Tr1 — 3ZE2 + 3$3 i I
== 3r1 — dxo + 3x3 = -2 x9
| 621 — 629 + 43 | T3
i 3r1 — 3x2 + 3x3 i 0
== 3r1 — 3x2 + 3x3 = 0
i 6x1 — 6x2 + 623 i 0

Which gives us 1 — 9 + x3 = 0. So, z9 = ¢, 3 = d, x1 = ¢ — d, where ¢,d € F. The required
solution: X = (¢ —d,¢,d). The eigenvector corresponding to A = —2 is (1,1,0) and (—1,0, 1), i.e.,
c—d 1 -1
c =c| 1 |+d| 0 |;¢,deF
d 0 1
Step 8. For A = 4, follow the same process and find the eigenvector. it will be continued in the
next lecture.

LECTURE 38 INS:
1 0 1 2 Ny .
Example 2. A = [ 01 ] and B = [ 01 sithilar matrices.
Proposition 1. Let A = (a;j)nxn with €igeMgalues di,ds, ..., d, € F, which are not necessarily

distinct. Let D = diag(dy,da, ..., dy). Them, for any matriz P, AP = PD holds if and only if the
ith column vector of P be an eigenvalue of A corresponding to d;.

1 -3 3
Example 1. (continued...) Diagonalise the matrix A= | 3 —5 3
6 —6 4

Solution. Step 3. For A = 4, let X = (21,22, 73) € R? be the eigenvector.

AX = )X
[ 1 -3 3 I T
= | 3 -5 3 T2 | =4 | 22
L 6 —6 4 I3 I3
[ x1 — 3x9 + 323 X1
— 3x1 — dxo + 3x3 =4 | x9
i 6x1 — 6o + 43 €T3
[ —3x1 — 329 + 3x3 0
— 3x1 — 9x2 + 323 =10
6x1 — 622 + Ox3 0

18



From here we get x1 = 22, 1 + 22 = x3 and x1 + 3 = 3x2. If £1 = ¢ = 29, where ¢ € F, then
1

x3 = 2¢. Therefore, the required eigenvector corresponding to the eigenvalue 4isc | 1 |, c € F.

1 -1 1
Step 4. The required matrix P = | 1 0 1 |. Now we need to check whether det(P) is 0 or
0O 1 2

not, i.e., whether the matrix P is non-singular or not. It is easy to find out that the determinant
comes out to be a non-zero value.

A 0 0 -2 0 0
Next, we check D = P71AP holds or not, where P=| 0 Xy 0 | = 0 —2 0 |. Weuse
0 0 As 0 0 4
the Proposition 1 and check DP = AP
1 1 -2
Example 3. Diagonalise A= | —1 2 1
0 1 -1
Solution. Step 1. Let A € F be the eigenvalue. Then
det(A—AI)=0
1—A 1 -2
= | -1 2-A 1 =0
0 1 w/\
= A=—-1,1&
Q 3 1 1
Step 2. The eigenvectors correspondin =1,2,—larec; | 2 |,c1| 3 |,c1| O |, respec-
1 1 1
311
tively, where cq, co, c3 € F. Hence, the required matrix P = | 2 3 0 |. Finally, we consider
111
1 1 =2 31 1 3 2 -1
AP=1| -1 2 1 23 0|=[12¢6 0
| 0 1 -1 1 11 1 2 -1
311 10 0
=12 30 0 2 0
1 11 0 0 -1

= PD, where D = diag(1,2, —

LECTURE 39 BEGINS:

18 Orthogonal Matrix

Let A = (aij)nxn be a square matrix. Then, A is said to be an Orthogonal Matrix, if AAT = ,,.
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Proposition 1. If A is orthogonal, then A is non-singular.
We can see AAT =1, = |A||AT| =1 = |A|> = 1. Hence, det(A) # 0.

Proposition 2. If A is orthogonal, then A~1 = AT
Proposition 3. If A is orthogonal, then A~ is also orthogonal.

19 Complex Matrix

A matrix A, whose elements are taken from x € C, is called a complex matrix. This means that A
can be expressed as P + t(), where P and @) are real matrices. Then, A = P +1Q, A= P — Q).
Some properties of the complex matrices are given below.

(i) A.
(ii) A and B are two complex matrices, then AB = AB.
(iif) For a complex matrix, (A)T = (AT). The transpose of A is denoted by A°, (4)T = A°.

20 Hermitian and Skew-Hermitian Matrices

A complex matrix is said to be Hermitian Matrix if A A° A° = (A)T. A complex matrix is said
to be a Skew-Hermitian Matrix if A = —A°, A° =

1 2 3t
Example 1. Check the matrix A = Yermltlan or Skew-Hermitian.
1 2 -3 1 2 %
Solution. We get A = | 2 0 4 then (A)T = 2 0 4| =A Thus, Ais a
3t 4 2 -3t 4 2
Hermitian matrix.
0 2 L
Example 2. Check the matrix A = | —2 0 1+ ¢ | is Hermitian or Skew-Hermitian.
¢t —1+¢ 0
0 2 -1 0 -2 -t
Solution. We get A = | —2 0 1—¢ | and then (A)T = | 2 0 —-1—-:|=-A
- —1— 0 — 1—1 0

Thus, A is a Skew-Hermitian matrix.

21 Unitary Matrix

A matrix A is said to be a Unitary Matrix if AAT =T

1 1 1
Example 1. Let A = % 1 w w? |, where w = li\fb and the relations 1 + w + w? = 0,
1 w? w

w3 =1 hold. Check whether A is Unitary matrix or not.

Theorem 1. If H = P 4+ Q) be a Hermitian matrix, then
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(i) the diagonal elements of H are all real numbers.

(ii) P is a real Symmetric matriz and Q is a real Skew-Symmetric matriz.

Theorem 2. If S = M + (N be a Skew-Hermitian matriz, then
(i) the diagonal elements of S are either 0 or imaginary numbers.

(i) M is a real Skew-Symmetric matriz and N is a real Symmetric matriz.

LECTURE 40 BEGINS:

22 Equivalent Matrices and Elementary Matrices

An n x n matrix B is said to be equivalent to an n X n matrix A over the same field F if B can be
obtained from A by a finite number of elementary rows and columns operations.

Definition. For a given m x n matriz A, a row-reduced echelon matriz B can be obtained by
applying on A a finite number of elementary row operation on A. On B, we can apply column
operations to reduce it into a column reduced echelon matriz, say C. This C' has the following
properties:

(a) No zero row is followed by a non-zero row.

(b) No zero column is followed by a non-zero col V

(¢) The leading 1 in each non-zero row is theonMnon-zero element.
(d) The leading 1 in each non-zero colz@ e only non-zero element.
(e) The leading 1 in the kth row is the leading 1 in the kth column.

I, Or,nfr

Om—r,r Om—r,n—r

Thus, C has the form C' = [ }, where I is the identity matriz of order r, Oy

s the zero matriz of order p x q. Then, C is called the Fully-Reduced-Normal-Form.

0O 01 2 1

: . . 1310 3

Example 1. Obtain the fully reduced normal form of the matrix A give by A = 9 6 4 2 8
39 4 2 10
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Solution. Let us first apply the elementary row operations.

001 2 1 1310 3

A 1 310 3 Ri<Rs 001 2 1

126 4 2 8 2 6 4 2 8
|3 9 4 2 10 39 4 2 10 |
1 3 0 -2 2 1 3 0 —2 27

R3—2R» 001 2 1 —1R3 001 2 1
Ri1—Ry, RA—R; 000 -2 0 0 00 1 0
|00 0 0 O 000 0 O]

1 0 0O

c5—2c1 0 0 1 0

co—3c1 0O 0 0 1

00 0O

I3 O3

:C:
[01,3 O1,2
2 0 1
Example 2. Show that the matrix A = | 3 3 0
6 2
product of elementary matrices.

s follows:

Solution. We start the process and apply op&n

2 0 70 e 1
A=1|3 3 3 3 et N )
6 2 —3 6 2 —3 Rs=6F1 1
10 1L 10 4 0

iR 2 _ 2 Ro+1R
o1 S EEE 01 SL | S 1
02 0 00 1 Bi—3Rs | o 0

[ 1
Is= (R —R: R
3 ( 2+2 3)(1 5

(s (L) s

22

R4—3R;
R3s—2R;

R2—2Rs3
R14+2R3

= B — row equivalent to A

C34

o O O O

1

Cc23
=

_ o O vwwo

(—2) B (;) o (—3) Es1 (—6) By (2” A
Rg) (Ry — 2Ry) (;RQ> (Rs— 3Ry) (Rs — 6Ry) (;R1>:

(;) Eor (=3) Es1 (=6) E; (;ﬂ - I
I (D)) macon e {m (5} waem o

:El (2) E31 (6) E21 (3) Es (3) E32(2) Eq3 <;> Eos (;)] 1.

o O o

OO W OO oW

0

0

1
0
0

D=
NS

o

I3.

O R, O H N = =

0

0

0
1
0

3) (Rs — 2Ry) (;Rg> (Ry — 3Ry) (Rs — 6R,) (;R1>:

O R OO NN NDO

0

0
0
0

A

SO =N =N =W

o O o o

’ } — fully reduced normal form.

is non-singular and express it as the



Definition. An n x n matriz obtained by applying a single elementary row operations on I, is
said to be an Elementary Matrix of order n. There are three types of elementary matrices.

1. The elementary matriz obtained by applying R;; on I, is denoted by E;;.
2. The elementary matriz obtained by applying cR;; on I, is denoted by E;(c).

3. The elementary matriz obtained by applying R; + cR; on I, is denoted by E;;(c).

1 00 1 00 1 0 ¢
E23 == 0 0 1 5 EQ(C) == 0 ¢ O 5 Elg(c) == 01 0
010 0 01 0 01
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